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r.igenvalui*  problem  for  a class  of  cyclically  maximal  monotone  operators 

Ph i 1 ' ppe  Clement 


1 Introduction 

The  class  of  maximal  monotone  operators  in  a Hilbert  space  plays  an 
important  role  in  nonlinear  functional  analysis  since  it  can  be  identified  with 
the  class  of  generators  of  nonlinear  contraction  semigroups  in  a Hilbert  space 
fl|.  Therefore  it  is  natural  to  consider  corresponding  eigenvalue  problems  for 
it  As  in  the  linear  case,  the  study  of  such  problems  is  considerably  simplified 
if  a variational  structure  is  present.  In  terms  of  a maximal  monotone  operator 
A in  a Hilbert  space  H,  this  means  that  A is  the  subdifferential  9<*>  of  a 
lower-semi  continuous  convex  function  «>:  H -*  J-*,30],  i.  e.  y « 9</>(x)  iff 
v( z)  - c(x)  > (y,  z - x)  for  all  z in  H . In  this  paper,  we  are  concerned  with 
the  problem 

(i)  d«>(U)  J pU 

where  the  norm  of  u,  I u I is  prescribed.  As  in  the  linear  case,  we  assume  that 
0 t 9„f0)  . Therefore  without  loss  of  generality  we  can  assume  that  <r  takes  its 
values  in  [0,-eJ  and  <p(0)  - 0 . 

It  is  known  [see  for  example  Theorem  2.  10  of  [2|j  that  if  H is  a real 

infinite  dimensional  Hilbert  space,  C*(H,  F),  is  even,  bounded  from  below, 

and  satisfies  the  Palais-Smalr  condition  for  some  sphere  (i.e.  there  is  an  R > 0 
T~  Supported  by  the  Tends  National  Suisse  de  la  Recherche  Scientifique. 
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such  that  every  sequence  (u  ),  with  |u  I = R,  along  which  |^(u  )|  is 

n n n 

bounded  and  «j'(u  ) - (<p'(u  ),  u )u  converges  to  0,  where  <p'(u)  denotes  the 
n n n n 

Frechet  derivative  of  <p  at  u , possesses  a convergent  subsequence,  then  the 
equation  <p'(u)  = pu,  lul  = R,  has  infinitely  many  distinct  pairs  of  solutions. 

In  our  case,  we  prove  that  if  the  effective  domain  of  <p,  D(<p)  :=  fx  « H I <p(x>  < *>  } 
Is  dense  in  H,  <p  is  even  and  the  condition:  (x  « hI<*>(x)  < \)  is  compact  for 
all  X > 0,  is  satisfied,  then  Equation  (i)  possesses  infinitely  many  distinct 
pairs  of  solutions. 

We  also  consider  a "dual"  problem,  where  the  existence  of  solutions  of 
(ii)  (3<p)_1  (v)  3 vv,  | v | = R > 0 

is  proved.  In  this  case  the  same  compactness  condition  on  <p  as  in  the  first 
problem  is  employed  but  instead  of  requiring  that  D(<*>)  is  dense  in  H,  we 
assume  that  <p  satisfies  a coerclvity  condition.  The  same  technique  is  used  to 
prove  the  existence  of  positive  solutions  when  the  Hilbert  space  is  equipped  with 
a cone  P and  D(<p)  is  dense  in  P . We  conclude  with  a simple  application  to 
a second-order  nonlinear  elliptic  partial  differential  equation.  Further  applica- 
tions can  be  obtained  by  using  known  results  establishing  the  maximal  monoton- 
icity of  specific  operators. 

Concerning  the  proofs,  the  eigenvalue  problem  for  the  Yosida  approximation 
of  ip  (or  ip*  the  conjugate  function  of  <p)  is  studied  first.  Here  we  can  use 
the  techniques  developed  initially  by  Lyusternik,  Schnirelmann  [3],  and 
Krasnoselski  [4j.  Then  we  get  the  results  for  <p  by  passing  to  the  limit 


employing  closedness  properties  of  maximal  monotone  operators.  (See  [lj  and 
the  references  of  f 1 ] J.  Finally  a lower  bound  on  the  number  of  solutions  is 
obtained  by  using  arguments  related  to  those  of  1 4 J.  See  also  the  references 
of  [2]. 

Different  results  concerning  eigenvalue  problems  for  maximal  monotone 
operators  can  be  found  in  [5],  [6]  where  the  existence  of  solutions  is  based  on 
a result  of  Rabinowitz  [7]  about  global  branches  of  solutions  emanating  from  a 
bifurcation  point  which  generalizes  a previous  result  of  Krasnoselski  |4j.  In 
our  context,  it  can  happen  that  no  bifurcation  occurs. 

The  author  would  like  to  express  his  gratitude  to  Professor  P.  H.  Rabinowitz 
for  his  suggestions  and  helpful  assistance. 

2.  Results 

Let  H be  a real  infinite  dimensional  separable  Hilbert  space,  with  scalar 
product  ( • , • ) and  norm  | • I . 

Theorem  1.  Let  <p:  H — |0,  *]  be  convex  and  even,  satisfying: 

<p(0)  - 0 , (1) 

{x  c Hl«>(x)<\}  is  compact  for  all  \ > 0 (2) 

D((/>)  is  dense  in  H . (3) 

Then  for  all  R > 0,  there  exists  a sequence  (p  . u,  ) t 1R  x H.  k t IN  such 
that: 
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a ) !j,  « 


b>  ^'V  *kV  Hk-° 


Cl  sup  i iu,  1 - * * 
, ™ . k 

.«  E\ 


Theorem  1.  Let  y.  H — f 0 . or  ) be  convex  and  even, satisfying: 


<p(0)  = 0 , 0 = B*(0) 


(1) 


lx(  H |«>(x)  < X } is  compact  for  all  \>0  , 


(2) 


Urn  Siii  „ . 


I X 1 ■*  * ' x ' 


I 3) 


xt  L)(«>1 

Then  for  all  P > 0,  i.nere  exists  a sequence  <vk*v^  « ® x k c IN  such 
that: 

a)  IvJ  = R 

b)  Vic’  vk>0  • 

c)  inf  v>  (VJ  0 , 
kt  IN 


where  <p  (x)  sup{(x,  y)  - «>(y)}  is  the  conjugate  function  of  </>  . 

y«  H n / \ 

Let  P ' H be  a closed,  convex  cone.  (In  particular  if  P (I  -P  = {0}  , 

p is  a cone  of  ’'positive"  functions). 


Tneorem  3.  Let  H - f0,*>]  be  convex  and  satisfy: 
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o'O)  = 0 


(1) 


x < H ic>(x)  < \}  is  compact  for  all  \ > 0 , (2) 

r>(o)  P.  where  D( </»)  denotes  the  closure  of  D(<p)  . (3) 

Then  for  all  R > 0,  there  exists  ( p,  u)  t 1R  x P such  that 

a)  |u|  = R 

b)  9c>(U)  pu  p > 0 

c)  <p(u)  = Inf  «>(v)  . 

I v | = R 

Theorem  4. 

Let  «>:  H — 1R  be  convex  and  weakly  continuous.  Then  for  all  R > 0. 
there  exists  \ > 0,  ut  H such  that 

a)  | u ! R 

b)  Mu)  \u 

c)  cp(U)  = sup  <o(v)  . 

|v|=R 

Remark.  In  the  theorems  1 and  2,  the  conditions  sup  </>(u  ) = <*  and 
* k€  IN 

inf  <v^  = 0 imp'y  that  the  equations  Mu)  V pu , |ut  = R and  (3<p)’  (v)  - vv 
kcIN 

|v|  r R possess  infinitely  many  pairs  of  distinct  solutions.  Clearly  by  the 
oddness  of  9 <p(d<p  ),  if  ( p.  u)  is  a solution,  then  (p,  -u)  is  another  one. 
Moreover,  in  the  first  case,  since  u,  belongs  to  the  domain  of  d<p , «>(u  ) < » , 

hence  the  number  of  distinct  solutions  is  infinite.  Similarly,  in  the  second  case, 
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* 

p (v  ) > 0,  otherwise,  by  definition  sup((v,y)  -<?(y)(  = 0.  hence  cdy)>(v  ,yi 

y<  H k y 

for  all  y e H . <p(0)  = 0 imp'ies  that  v^»  c)</>(0)  and  the  assumption  <1),  v^  0 . 

which  is  impossible  since  | | = R > o . Therefore  the  number  of  distinct 

solutions  is  infinite. 


Auxiliary  lemmas  and  notations 

Let  H a real  infinite  dimensional  separable  Hilbert  space  For  R > 0 . 

B is  the  open  ball  of  radius  R,  B its  closure  and  9B  its  boundary. 

K HR 

- x denotes  a strongly  convergent  sequence  and  x - x a weakly  con- 
vergent sequence.  For  fi  C (H,  IR>,  f'(>0  is  the  Frechet  derivative  of  f at 

x . fl  denotes  the  restriction  of  f to  9B  . x t 3B  is  called  a critical 

R , R 
point  of  f i a if  f’(x)  - ( f • ( x ) x)  R x 0.  a c 1R  is  a critical  value  of 
9BR 

fL  if  a - f(x)  for  some  critical  point  x of  f| 
dBR  9BR 


For  R > 0.  b t ]R,  if  every  sequence  (x  ),  x t dB„.  along  which 

n n R 

f(*n)  b and  I f ‘ ( ) - ( f * (x^ ),  xn>R  ^x^l  “*  0 possesses  a strongly  convergent 
subsequence,  we  shall  say  that  f|a_  satisfies  the  Palais-Smale  (P.  S.  ) 

0 D_ 


condition  at  b | Z). 

It  is  known  that  the  notion  of  genus  is  useful  for  the  chan  ctenzation  ; 
critical  values.  Let  us  recall  some  facts  about  the  genus  of  a sot.  Let 
21(H)  :=  (A  C H - { 0 } | A closed,  symmetric}.  For  A*  21(H),  let 
Y(A)  :=  Inf  {n  t IN  I there  exists  g:  A IRn  - {0}  which  is  continuous  and  odd  1 

with  the  convention  Inf  0 = + » . y(A)  is  called  the  genus  of  A.  [2],  [9].  It 
follows  immediately  from  the  definition  that  if  y(A)  k.  B : 21(H)  and 
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there  exists  g*  A ♦ B continuous  and  odd,  then  yfB)  > k . In  particular,  if 

A B,  y( A)  < y(B)  . We  shall  use  the  fact  that  if  A f 21(H),  A compact. 

then  -y( A)  < *>,  and  if  A : 21(H)  is  homeomo'phic  to  a k dimensional  sphere 

S"'1  by  an  odd  homeomorphism,  y(A)  = k . [2],  f4j. 

Tor  R>n,  k(  IN,  we  define  Yk  {A  _ 9 BR I A compact,  symmetr:  . 

R R R 

■y ' A ) > k }.  Clearly  * 6 and  C yk  . When  the  context  is  clear, 

we  shall  omit  the  subscript  R . Finally,  we  recall  that  if  f:  H — 1R  is  weakly 
continuous  f > 0.  f(x)  - 0 if  and  only  if  x = 0,  then  c,  :=  sup  int  fix) 

* re  Yu  x^ 

R R k 

satisfies:  i)  0 < c,  < ^ and  ii)  inf  c = 0 . [2],  [4]. 

* kc  IN 

We  are  now  ready  to  state  the  first  lemma. 

Lemma  1.  Let  f < C^H.IR)  with  I f*(x)  - f’(y)  I < M Ix-y  I for  some  M>0. 

Let  R > 0 and  b = inf  f(v)  . 

I vl  = R 

Tf  f is  even,  for  k < IN,  let  b^  :=  inf  R SUP  anc* 

Y,  xt  r 
k 

ck  :=  supR  inf  f (x)  . 

T«  Yt  Xe  r 
’k 

Assume  that  fL,  satisfies  the  (P.  S)  conditional  b (resp.  b,,  cl. 
38r 

b(resp.  bk,ck)  Is  a critical  value  of  f|QB  . 

R 

Remark  . This  lemma  can  be  deduced  from  the  results  of  [2],  [4]. 

For  the  sake  of  completeness,  we  shall  give  a direct  p-oof  here. 

Proof  of  Lemma  I 

We  consider  the  following  associated  differential  equation; 


the- 
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~ = -I  f • (u » - (f'(u),u)R  *•  u]  t > 0 
\ (3.1) 

u(0)  - x t H . 

Since  the  right  hand  side  is  locally  Lipschitz,  for  x<  H,  (3.1)  possesses 
a local  solution  on  some  interval  [0,  t(x)[.  By  taking  the  scalar  product  of 
(3.  1)  with  u,  we  get,  if  x t 9BR  , 


j ^ iu  !2  - ( f ‘ ( u i.  u)  | 1 - R ' ^ lu  |2 J 


I u(0) | 2 = R2 


2 2 
By  setting  v = |u|  we  get  a linear  equation  for  v,  on  |0,  t(x)[.  v(t)  = R 


is  the  unique  solution,  therefore  u(t)  remains  on  9B  . But  on  9B  , the 

R R 

right  hand  side  is  globally  Lipschitz  and  by  a standard  result  we  get; 
i)  ' x c 9BR,  3!  u(t,x)  solution  of  (3. 1)  with  |u(t,  x)|  =P  . 
ii)  V t > 0,  x — u(t,x)  is  continuous,  and  odd  if  f is  even. 


By  taking  the  scalar  product  of  (3. 1)  with  u we  get;  lu  1 2 = f(u(t,  x)) 
since  (u,  u ) = 0 . Therefore  f(u(t))  is  decreasing.  Since  |u(t)|  = R and 
f maps  bounded  set  into  bounded  sets,  f(u(t))  is  bounded.  There  exists 
o(x)  t 1R  such  that:  iii)  f(u(t,  x))  i a(x)  . 

Consequently  ^ f(u(t,  x))  -*  0,  as  t -*■  * . But  f(u(t,  x))  = 

- | f'(u)-  f'(u),  u)  R u|  . Hence 

iv)  | f ‘ (u(t,  x))  - (f'(u(t,  x)),  u(t,  x))R‘2  u(t,  x)  I 0 as  t - oo  . 
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i' 


Now  consider  b (resp.  b^,  c^l  . These  quantities  are  finite  since  f is 

bounded  on  9B^  . We  claim  that  b (resp  b^,  c ) is  a critical  value  if  for 

each  e > 0,  there  exists  x c 9B„  such  that  b < f(u(t,  x ))  < b + e for  all 

e R — e — 

t > 0 . Indeed,  if  it  is  the  case,  for  each  n c IN,  we  can  find  x £ 9B  and 

n R 

t > 0,  such  that  b < f(u(t  , x ))  < b + - and  | f'(u(t  , x »)  -(f'(u(t  . x M, 
n — n n — n nnnn 

u(tn’Xn)>R’2  “‘W1  - n * Then  if  yn  = U(V  V’  yn  1 8br-  f<V  ^ b and 

I f'(y  ) - (f'(y  I.  y 1R  v I -*  0 . By  < PS)  at  b,  there  exists  a subsequence 
nnnn  M 

y — y and  clearly  y is  a critical  point  of  f|  and  b - f(y)  is  a critical 
nk  9BR 

value. 


First  consider  the  case  of  b = inf  f(v)  . By  definition,  for  each  t > 0 . 

I v I = R 

there  exists  xp  £ 9B  such  that  f(x  ) < b + e . But  f(u(t,  x ))  < f(x  ) < b + e 

for  all  t > 0 and  f(u(t,  x ))  > b since  u(t,  x ) « 9B  . This  concludes  the  inf 

£ £ R 

case. 


Now  let  b,  = inf  sup  f(x)  . For  each  e > 0,  there  exists  Tty 


r«  vk  x*  r 


e 'k 


such  that  sup  f(x)  < b + e . Let  h (x)  ;=  u(t,  x)  . Since  h • 9B  -*  9B  is  con- 
xc  r k 1 t R R 

tinuous  andocfe,  h (r  ) * Y • Therefore  for  all  t > 0,  b,  < max  f<x)  . 

’ t e k ’ k-  . ' 

xchir  ) 

t £ 

Thus  there  exists  x(e,  t)  t r ^ such  that  < f(u(t,  x(e,  t))>  . Now  choose  a 

sequence  t t <*>  and  define  x :=  x(e,t  ) . Since  r is  compact,  there 
n c,  n ’ n e ’ 

exists  x « r such  that  x — x , t f » . We  shall  again  denote  this 
e t e,n.  c’  n^ 

subseauence  by  x and  t . For  each  t > 0.  we  have  u(  t , x(e,t  ))  — 
c,  n n ’ n 

u(t,  x ) . Hence  f(u(t,  x(e,t  )))  — f(u(t,  xj)  . We  have 
e n e 


b,  < f(u(t  , x(e,t  )))  < f(u(t,x(e,t  )))  for  t >t  . Therefore 
k — n’  n — ’ ’ n n — 

b,  <f(u(  t,  x ))  < f(x  ) for  each  t > 0 . But  x c r , thus  fix  ) < b.  * r 

< — t — t e e e — < 

Thus,  b^_  < f(u(t,x£))  < b^  r t for  all  t > 0,  and  we  are  done.  The 

case  of  c sup  inf  f( x>  follows  from  the  preceding  one,  by  observing 

r* y,  x*  r 

that  -f  satisfies  the  assumptions  of  the  preceding  case. 

Now  let  us  recall  some  definitions  and  results  about  convex  functions 

in  a Hilbert  space.  For  references,  see  for  example  f 1].  Let  «>:  H — [ 0. 

convex,  lower  semi  continuous  with  <,d0)  0 . Then  A dtp,  the  subdifferential 

A J 

of  <p  is  * *9  (since  0 t 9<p(0)),  maximal  monotone  and  J : (I  + \A)  is 

1 A 

a contraction,  defined  on  all  H fr  \ > 0 . A •=  — (I  - J ) is  called  the 

\ \ V 

Yosida  approximation  of  A . We  have  DM  = D(9</>)  and  Int  DM  Int  D(9oi  . 

v (x)  Inf  {—  I x -y  I Z + «^(y) } = 7 I A x | 2 + <p(J  x)  is  C1(H,  IR),  tp  > 0 , 

V y.HZX  2 V X X“ 

<p  (0)  - 0 and  tp'  = A . A is  Lipschitz  continuous  with  constant  - . 

\ \ \ \ \ 

</>  (x)  t <o(x)  as  U 0 , We  shall  use  the  fact  that  If  lim  ^ = or  then 

x lx  I— I*’ 

j X«  D(  tp) 

(3<p)  is  defined  everywhere  and  maps  bounded  sets  into  bounded  sets. 


The  conjugate  function  of  tp  (x)  :=  sup  {(x,  y)  - *(y) ).  is  convex 

a Y£  H 

lower  semi  continuous  and  > 0 , tp  (0)  = 0 and  (x,  y)  < <p(x)  + tp  (y)  by  defi- 

A A 

nitio.n.  Also  (x,  y)  = tp(x)  + tp  (y)  iff  x « dtp  (y)  or  y « 9 tp(x),  since 

A AA  1||2  A A 

dtp  = (dtp)  . We  have  (tp  ) - tp  and  if  e(x)  :=  — lx|  , tp  - (\e  + tp  ) 

\ 

Let  us  prove  this  last  identity.  If  A is  maxima’  monotone  I = (I  + A)  1 + (I  + A "S  1 


Indeed  ifxtH,  x = £ ^ r|  with  £ = JjX  and  r|  = A jX.  (£,  r)  ] t A since 


1 


Aj  AJ^.  Therefore  [ri,4]«  A’  which  Is  maximal  monotone.  Here  £«  A 


X r) 


+ % t T)  + A1^  - (I  + A S(ti>  . Therefore  n - (I  + A S 1 (x).  hence 


x - (I  + Al  *x  + (I  + A1)  *x  . Since  8</>  is  maximal  monotone,  so  is  \8^  and 
I (I  + \dv)'1  + (I  + (\8vA~V1  . But  I - (I  + Xa^)’1  - X(8«j)  = (I  + (\8e>)"  11 

Hence  8<^  \“  1 (I  + < K8<p) _1) ~ 1 - (XI  + (XS^i'1*  X)'1  = (XI  + 8^’V1  But 


a -1,-1 


*,.-1 


XI  + d<p  - 8[Xe  + <p  ] and  (XI  + 8 <p  ) = (8[Xe  + <p  ])  = 8[(Xe  J-  o ) ] . 


Therefore  <p  = (Xe  + </>  ) + C but  c>  (0)=  0 and  (Xe  + ) (0)  = 0.  thus 

\ X 

4c  3j* 

= (Xe  + <p  ) 

Finally  let  us  recall  some  property  of  convergence.  If  x « D(8 <p),  then 

r8u>)  (x)--*  (8<?)(x)  as  X . 0 ( where  8«>'(x)  is  the  element  of  8«>(xl  of  minimal 
\ 

norm)  and  |(8«>)  (x)  | < |8</(x)|  . 

K 

We  conclude  this  section  by  stating  a lemma  which  will  be  used  later. 

Lemma  2.  Let  4>;  H — f0,°o]  convex,  lower  semi  continuous,  with  u(0)  = 0 . 

Let  X i 0 as  n - oo,  and  let  ( o , x ) c 1R  x H such  that  1)  a - o 

n n n 


2)  x - x B)  ox  € D(4-)  4)  ^ (x^  ) = o^  x^ 
n n n n n 


Then  a)  84>(x)  3 ox 


b)  lim  y (x  ) exists  and  is  equal  to  y(x) 
X X 

n—  oo  n n 


Proof  of  Lemma  2 


a)  By  the  monotonicity  of  vp*  , we  have; 

n 


(o  x - 4i ' (v) , x - v)  > 0 for  all  v « D(  8^) 
XX  X X 

mm  n n 


n n n 


| 


Hence  urx  - (9o)°  |v|,  x - v)  > 0 for  all  v«  D(9v,/|  . Since  9^°  is  a principal 
section  of  9..,,  x t D(9o)  and  ax  c 9o(xi  . 
b)  We  have 


\ <x  ) - w (X)  > (o'  (x),xx  - X)  C 
\ \ \ — \ \ n 

n n n n n 


v (X)  - -V  <\  > > (‘  V {\  ^x-  \ )TT>n  • 

n n n n n n 


Hence  w (x>  + e < o.  (x  ) < ^ (x)  - n . But  o.  (x)  * ^(x)  < <x>  since 

\ n — \ \ — \ 'n  \ 

n n n n n 

x £ D(9o).  and  e , -*  0 since  x *♦  x.  U>*  ( xv>  - a,  x,  is  bounded, 

n n \ \ \ \ \ 


n n n n 


as  is  iVx  (x)  . 
n 


4.  Proof  of  Theorem  1 


a)  Critical  values 


For  R > 0,  k £ IN,  let  Yk  s=  (r  C 9BR|r  t £ (H),  r compact,  Y(T)  > k}  . 
b :=  inf  sup  <p(x)  , We  claim  that  b,<  <»,  for  each  k c IN,  and  each  R > 0 . 

K _ _ K 

r«  Yk  x«  r 

First  observe  that  for  each  R > 0,  and  each  kc  IN,  9B  0 D(cp)  contains  a k- 

H 

dimensional  sphere  r.  . If  not,  since  x £ D(<p)  D 9B  , with  R‘  > R only  if 

K R 

x £ D(v>)  H 93  , (by  the  convexity  of  D(</>)  and  the  fact  that  0 £ D(<*>)),  we  would 
have  D (<p)  C E(  where  Ef  is  a I - dimensional  subspace  with  f <k  . But  this 
would  contradict  assumption  3),  Now  let  R > 0,  k £ IN  given.  We  know 

R +E 

that  for  e > 0,  there  exists  a k -dimensional  sphere  contained  in 

R-f  e 

9B  fl  D(<p)  . Let  E,  = span  r . E.is  a finite  dimensional  subspace. 

R + E K l(  K 

~ **  Rf  C ~ 

Let  <fi  the  restriction  of  <p  to  E^  . Clearly  D(«p ) 2 rk  and  <p  is  continuous 


/ f 


Pig 

at  each  point  x contained  in  the  interior  of  Conv  (convex  closure)  relative 


p 

to  F,  . in  particular  on  r,  : BB.,  0 Conv  r 


R + e 


k 


R 


rk  is  a k -dimensional  sphere, 


R R R — 

th  genus  of  r,  is  k.  so  r.  < v,  • Since  r.  is  compact  and  <p  is 
k k M;  k 

■ mtinuous  on  it.  sup  o(x>  sup  c>(x)  < therefore  b • inf  sup  <p(x)<  » 

_ R _ R k 

Xi  rk  Kc  rk  r*Ykx*r 

0 follows  immediately  from  the  definition  . 

For  R > 0.  k c IN,  \ > 0,  let  b^  : inf  sup  > (x)  Since  ^ ‘ </> 

k \ \ 

rc  y xc  r 

as  \ i 0,  we  have  b^  < b^  if  p < V and  b£ < b^,  for  \ > 0 . Therefore 
b,.  :=  sup  b,  < * . We  claim  that  sup  b^  = ^ . If  not,  there  exists  C > 0 , 


\>0 


k<  IN 


such  that  bk  < C for  all  \ > 0 and  k t IN  . By  the  definition  of  b^,  there 
exists  ru  c such  that  sup  ,_Jx)  < C for  all  k c IN  ; hence 


x«  r, 


l/k  - 


sup  and  sup  ^ lA^xl  <C.  But  I /k  x | = ix-kA1/kxl 

Xtrk  XtFk 

> R - \ 2C  if  x t r,  . Therefore  there  exists  k„  such  that  for  k > k 

— v k ’ k 0 — 0 

x * ru»  ljj/kxl  > j . Let  I\  be  the  image  of  ru  by  Ji  ^ . I\  is  compact 


'l/k 


and  symmetric  since  is  compact,  and  symmetric  and  J^k  Is  continuous  and 
odd.  Since  0 r'  for  k > k^ . c Z(H)  . Since  J^k  is  continuous 
and  odd,  yfr^)  > yir^)  > k for  k > kQ  . Let  r :=  (xc  H |<p(x)  < C and 
j x ( > — } . r is  not  empty  since  rk  C r for  k > kQ  . r is  compact  by 
assumption  2),  and  symmettic  since  is  even  and  0 / T by  definition;  therefore 
Yi'r)  = k J < » . But,  for  k = max(kQ,  k J + 1,  C r,  hence  Y<  ) < k ^ 

A*  «%* 

and  Y<rr-)>k  >k,  a contradiction.  Thus  sup  h = or  . 

* ~ 1 kc  IN 
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b)  Approximate  solutions 


Let  R > 0,  k c IN  . Let  X :=  — r—  if  b,  > 0,  and  X > 0 arbitrary  if  b " 

2b,  k K 

k 

We  claim  that  for  0 < X < X , there  exists  (p,  , u,  ) i IP  x H such  that  : 

K « A A 


'Yd  ‘ R 


Y'Y  k’  ^ Y A,  k>  YA 


VYk’  ‘ bk  ' 


(4.  3) 


Let  0 < x < X . Since  ip  i C (H.  IR)  and  <v  is  Lipschitz  continuous,  by 

X \ 

the  Lemma  1 we  are  done  p-ovided  that  v>  ) satisfies  (P.  S)  at  b£  . Let 

k 

x e 3B  such  that  «>.  (x  ) -*  b.  and  |v’(x  ) - « (x  ),  x )R  x | - 0 . We 
n k x n k Xn  Xnn  n 

have  W.  (x  ) = A x and  x = I x + XA  x . Therefore  (1  - X(A,  x ,x  )R_2)A  x 
Xn  xn  nXn  Xn  Xn  n Xn 

‘ ^\Xn»x  ^ J.  x — 0 . But  0 < X(A  x , x )R  2 < 1 . We  can  extract  a 
xnn  xn  —Xn  n — 

subsequence,  still  denoted  by  x , such  that  X(A  x ,x  )R*2  - at  10, 11  . 

n Xnn  1 ’ ' 

We  claim  that  a < 1 . Otherwise  J x -*  0 since  Ax  is  bounded  and 

X n X n 


(A  x , x )R  2 doesn't  converge  to  0 . Then  7 |A  x |2  = |-|A  x ,x  ) . 

\nn  2 x n 2 ' x n’  n 

1 R 

2 *^XXn'  A XXn^  **  Z\  * Hence  b7  using  the  lower  semi  continuity  of  ^(Assump- 
tion 2),  0 = *(0)  < lim  „(J  x ) = lim  [*.(x  ) - j |a  x f2]  = b)-  -j-  < < 0 . 

A n \ n 2 A n K 2A  K Z\  — 

a contradiction.  Therefore  a < 1 . Since  q>  (x  ) = £ U x I + «>(J  x ) is 

X n 2 a n X n 

bounded,  <p(I  x ) < C and  by  Assumption  2 , J x lies  in  a compact  subset  of 
a.  n X n 

H . We  extract  a subsequence  still  denoted  by  x , such  that  J x -*  z . 

j n X n 

Therefore  A x converges  strongly  to  7^—  z and  x -*  (l-a)'1  z . Thus 
\ n l-a  n 


<p  satisfies  (P.  S)  at  b . Finally,  observe  that  in  (4.2),  p ^ > 0 

X 96R 

follows  from  the  monotony  of  <*>’  and  the  foot  that  u>'  (0)  - o 

\ X 

c)  Limit  procedure 

Let  R > 0,  k « IN  We  claim  that  there  exists  X . 0 and  u,  t H 
’ n k 

— \ 

such  that  u.  , -*  u.  . Let  0 < X < X . <p  (u.  1 b.  < b,  < s . Therefore 
k,  \ k X k,  X k-  k 

^ \ 2 

<HJ  u ) < b and  — |a  u I < b . By  Assumption  2),  there  exists  a 

\ k,  \ “ k 2 \ kj  \ k 

sequence  X l 0 and  u,  < H such  that  I u.  , — u,  . \ I A u.  , I2  < 2b 
n k X k,  X k X k.  X - k 

n n 

implies  that  X A,  u.  v -*  0,  hence  u,  „ = J , u,  + X A u,  * u. 

nXk,  X ’ k,  X X k.  X n\k.\  k 

n ’ n n n n n n 

In  particular  I Uj,  I = R . 

We  shall  p'ove  that  p is  bounded.  We  already  know  that  p >0 

’ n ’ n 


Assume  that  there  exists  a subsequence  X i 0 such  that  p,  , 

n.  k,  X 

J n 

n.  big  enough,  n > 0 . We  have  for  all  v € D(<M: 

K 9 

nJ 

Ax  VI.  v — A t V,  u.  % . V I > 0 

Pu  % k k Pu  v k k,  X | 

k’Xnj  nJ  nJ  k’Xnj  n)  nj  J 


. for 


by  the  monotonicity  of  A,  . Since  A v.  u,  u.  = 

X p.  . X ’ k,  X k,  X 

k-kn|  "t  "j  "l 

u,  -*  u , A v -►  0 (A  v is  bounded  since  v € D(3^>)).  Therefore 

k , X k P,  , X X 

’ n.  k,  X n. 

J ’ n J 

we  get:  1 

(u^,  uk  - v)  > o fo-  all  v ( D(3<p)  = D(«>)  = H 

by  Assumption  3 . But  u^  * 0,  a contradiction. 

We  know  that  u.  „ -*  u.  , Ip.  I < C,  therefore  we  can  extract  a 

k,  X k’  He,  X - ’ 

' r\  * n 


subsuquenc  still  denoted  by  \ , su  'h  that  u 

n k,  \ 


n 


V 4k.  \ 


P.  > ° • 


n 


Wo  can  apply  Lemma  2,  with 


\\>  <p,  a r p 


k,  v > \ 1 x ■ Obs"rvo 

n n n 


that  p u i Hu  ) H . Tnereforc  wo  have  ju,  I R,  9</>(u,  ) p u,  and 
< k v k k k k 

But  in  the  first  pa't  of  the 


o(u  ) lim  o iu  ) lim  b n sup  b 

V . 0 n n K . 0 
n n 


\>0 


proof,  we  showed  that  sup  b -r  Hence  sup  o'u  ) - sup  b,  - * and 

k<  IN  * k<  IN  k k«  IN 

we  are  done. 


c>.  Proof  of  Theorem  2 

a)  We  claim  that  if  ^ : H * |0.  | satisfies  the  hypotheses  of  Theorem  2, 

then  D(o  ) = H,  ^ is  weakly  continuous,  4,  (x)  = 0 if  and  only  if  x - 0 , 

v i': 

d>-  (x)  0 iff  x = 0 and  u,  is  even.  4<  is  convex,  even,  lower  semi  con- 

* -1 

tinuous  by  Assumption  2,  2 +*  by  Assumption  1,  and  9 4,  = (3V)  is  defined 

everywhere  and  maps  bounded  sets  into  bounded  sets  by  Assumption  3.  Then 

D(u  ) - H . j is  convex  lower  semi  continuous  and  by  Hahn -Banach, weakly 

* * 

lower  semi  continuous.  We  prove  that  if  x — x,  then  lim  dj  (x  ) < j.  (x)  . 

n n ~ v 

By  the  surjectivity  of  9U,  there  exists  y c D(9ii4  with  x t 8vMy  ) • Since  x 

n n n n 

* 

is  bounded,  so  is  y and  w(y  ) < 4>(y  ) + v (x  ) - (x  , y ) < C . 

n n — n n n n — 

By  Assumption  2),  y^  lies  in  a compact  subset  of  H,  therefore 

* * $ * 
lim  (y  , x -x)  = 0 . But  ^ (x  ) < (y  , x -x)  + ,[>  (x),  hence  lim  4,  (x  )<^  (x)  . 
n -•or  nn„  nnn  n 

•*  * * 

Therefore  is  weakly  continuous.  Clearly  4»  (0)  = 0 . Assume  4,  (x)  = 0 . 

Then  (x,  y)  < o(y)  for  all  y c H,  hence  x«  94,(0),  so  x = 0 by  Assumption  1. 

* t 

Clearly  9^  ( 0 ) 0 . Assume  9,w  (x)  0,  then  x t 3ip( 0>,  hence  x r 0 . 
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* ’f  $ 

Finally.  it  is  clear  that  ^ is  oven,  since  0 (-x)  - sup  {(-x,y)  - o(y)}  = 

* y«H 

sup  iix.y)  - o<-y)l  sup  {(x.yl  - ^(y) } - ^ (x)  . 

-y t H -yt  H 

Observe  that  for  all  \ > 0.  \e  + o satisfies  the  assumptions  of 

1 i ,2  * 

Theorem  2.  ie(xl  ; -|x|  ) . Therefore  for  all  \ > 0.  o and  (o  ) 

*-  \ 

(\e  + tfl  ) (\e  + ip  ) are  weakly  continuous,  >0.  0 iff  x - 0 , 

* sjc  « 

do  (xl  and  dig?  l (xl  0 iff  x - 0.  and  o , (o  ) are  even.  Therefore, 

\ \ 

# \ * 

by  a result  stated  in  Section  2.  c,  : sup  min  o (xl  and  c : sup  (o  1 <x» 

K N \ 

r« Yk  x<  r ri  y. 

\ K \ 

satisfy  > c^,  c^  > 0 and  inf  c^  = 0 . Since  c^  < c^,  c^  :=  sup  c^  , 

k«  IN  \>0 


k - k’  k 


satisfies  c,  > 0 and  inf  c = 0 . 

k l 

k«  IN 

b)  We  claim  that  for  any  R > 0,  k t IN  and  \.  > 0,  there  exists  v t H , 

v,  >0  such  that 
k,  \ 

l\J  = R <5-‘> 


,r  VVk,X>=  vk,kVk,k 


(5.2) 


(*’*,x(vk,x)  = ck  • 


(5.  3) 


First  observe  that  if  («p  )'  (y  . ) = y.  . v,  , for  some  v.  . « IR  , 

V k,  X k,  \ k,  k k,  \ 

$ 

then  v has  to  be  > 0 . Indeed,  v is  > 0 by  the  monotonicity  of  (o  )' 

k,  \ kj  \ X 

7ft  7ft 

and  the  fact  that  (<p  )'  (0)  = 0 . It  is  >0,  since  (<p  )'  (x)  = 0 iff  x = 0 , 

\ X 

* i 

and  v * 0 . Now  (5.1)  - (5.  3)  will  be  proved,  if  (<p  ) satisfies  the 


(P.  S)  condition  at  c^,  by  Lemma  1.  Let  x^  e 8BR,  such  that 
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<n40U>lw 


* 0 . Since 


<«•  \(V^S>0  and  l<*  K<XJ  - <(-/)•  (x  ),x  )R‘Zx 

x n Xnn  n 


*nc  9BR’  We  Can  extract  a subsequence,  still  denoted  by  x , such  that 

v<  $ 

Xn  X * H • We  claim  that  (*>  - («>  v>  (x),  at  least  for  a subsequent'  . 

I irst  observe  that  («/>  ) - (Xe  + «>)  , hence  (v>  > • i>(  ( v>  ) ) 8j(Xe«-<ui  | 

_ ^ \ 


<y|  \e  f v»|i  1 (\I  + dv)  1 


Since  lim 
I x | — > 
xc  D(</>) 


V 2 I x \Z  -t  c7(x) 


(\I  + 8</>i  maps 


bounded  sets,  into  bounded  sets.  In  particular  y :=  (\1+  a^)*1  x is  bounds 

n n 

But  Xn  ’ Xyn  ‘ therefore  v>(y  ) < v»(y  ) + o"  <x  - xy  ) - (x  - \y  . v » 

1 n—  n nnnnn 

1 (xn»yn)  - C for  some  c > 0 • By  Assumption  2),  we  can  extract  subsequences 
still  denoted  by  Xp  and  yn,  such  that  yn  — y c H . Now  (yn  -<xi  + 8,,)*^  . 

xn  - v)  > 0 for  all  v c H,  therefore,  (y  - (\I  + a^'V  x - v)  > 0 for  all 
vc  H and  y = (\I  + d<p\  *x  by  the  maximal  monotony  of  (XI  + 8m)'1  . So 

)\(xn)  4(,'VX)  and  xn  - R2f(^  Vx<x),  since  IO*(x)fx>> 


(/>  (x)  > 0 . Therefore  (<p  ) 

* X 


9B 


satisfies  the  (P.  S)  condition  at  c 


R 


k ‘ 


c)  We  claim  that  for  each  R > 0,  each  Ic  c IN,  v is  bounded  as  X . 0 . 

kj  \ 

We  have  = 8(/)  = (d** ) « <8*f  \ and  |(8,)“l(v  ) | < | (8*,*1)  (v  ,| 

I *■  X k,  X k,  \ 

But  (8<p)  maps  bounded  sets  into  bounded  sets,  so  |v  I = R'1 1 (<p  )'  (v  i| 

11  ...  . k’  X X k,  X 

<R  1(8,"  )>  )|<C  for  some  C>0.  So  ((/))’'  <v  ) < <(/ ) ) * (v,  » 

^ ’ "•  K,  x — X k.  X 

‘ >X,Vk,XVk,X>  = IVk,X'  -k,xvk,x'i 
2 

V<Vk,  \]-C*  • Therefore  vk  x lies  in  a compact  set 
of  H . We  can  extract  a subsequence  X 1 0 such  that  v 


2.  $ ^ 

v,  .)  < CR  . But  ((*  ) ) = xe  + v,  so 


k,  X - vk  and 


^k,  X "*  wk  * Slnce  w k vk  * H = D(i/>  ),  by  Lemma  2,  we  get*  |v  | = R . 


# $ <>  ^ ~ JV 

(v  ) v v and  o (v  ) - lim  (<*>  ) (v  ) = sup  c = c . bo  iv,  ) 

K k X .0  Xn  k’  n X>0  k k k 

-1  n 

(dv)  (vk)  v^v^  • Again  > 0 and  even  > 0,  otherwise  i 9<.i<0),  which 

is  impossible  b/  Assumption  1 and  the  fact  that  Iv^l  . R . Moreove'  wc  ilr.  viv 
*»  * 

know  that  inf  c^.  = 0,  so  inf  <p  (v^)  = 0 . 
kf  IN  k c IN 

6.  Proof  of  Theorem  3 

a)  For  R > 0,  let  b inf  <*>(x)  . 9B  fl  D («»)  is  not  empty,  otherwise 

Ixl  =R  R 

B , which  contradicts  Assumption  3 . Thus  0 < b < * . For  X > 0 . 

let  b''  :=  inf  p (xl  . 0 < < b . 

IxUr  * - - 

— 

b)  Let  R > 0,  X :=  if  b * 0 and  arbitra-y  positive  if  b = 0 . If 

0<X<X,  I aBR  satisfies  (P,  S)  at  b,  as  in  the  proof  of  Theorem  1.  Then 

there  exists  u t H,  p > 0 such  that  i)  |u  | = R il)  <p‘  (u  ) = p u 
XX  X X X X X 

“*>  W = \ • 

c)  We  can  apply  the  same  proof  as  in  Theorem  1,  to  get  the  existence  of  a 

sequence  X i 0 such  that  u — u and  p — p > 0 . Observe  that  we  get 

n n 

(u,  u-v)  > 0 for  all  v * D (b<p)  = D(<p)  = P . Since  P is  a cone,  we  can  choose 

v = 2u  and  we  get  the  same  contradiction  as  earlier  which  proves  the  boundedness 

of  p^  . So  p^  -•  u,  -*  p and  pu  £ P since  p>0  and  u*  P.  There- 

n n n 

fore  pu  < D(<?)  and  we  can  invoke  lemma  2,  to  get  d v»(u)  ? pj  and  «>(u)  = 

lim  v,  (u  ) . But  o»(u)  = lim  * (u  ) = sup  bX  < b = inf  ^(v)  . Since 

X i0  n n X i 0 n n X>0  lv|  = R 

n n 

|u|  = R,  «>(u)  = b and  this  concludes  the  proof  of  Theorem  3. 
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P'oof  -if  Theorem  4 


Lot  R > 0 . Then  B is  weekly  compact  and  <p  is  weakly  continuous. 

R 

Therefore  there  exists  u t B„  such  that  <p(u)  = max  <^(v)  . Since  B and 

R |V |< R B 

e are  convex,  u t 98  or  can  ba  chosen  in  9B  if  there  is  more  than  one 

K K 

maximum.  Since  Died  H.  D(do)  - H . Therefore  for  all  z t 9B^,  0 > </>(z) 

- o(u)  > ty.  z-u),  for  y i 9<p(u).  If  0 c 9«>(u),  we  are  clone.  If  not,  let 

Rv  By 

yc  9e>(u),  y*  0 . Then  (-; — r,  z - u)  < 0.  for  all  z c 9B^  . By  taking  z - j y | « 

2 Rv  ^ By 

get  R < <J|  > u'  hence  = u and  9c(u)  \u,  for  some  X > 0 . 

8.  An  example 

Let  ft  IRn  a bounded  domain  with  smooth  boundary.  Let  p C IR  x 1R 
an  odd  maximal  monotone  graph  with  0 t p(0)  and  D(p)  = IR  . Let  J:  F — IR 

the  unique  convex  function  such  that  p = 9j  and  j ( 0)  = 0 . 

2 1 r 2 
Let  H = L (ft)  and  v.  H - [0,  ao  J defined  by  <p( u)  :=  j / grad  u dx  + 

.I,  . « 

J j(u)dx  if  uc  W ’ (ft)  and  j(u)  t L (12),  + *>  otherwise. 

12 

It  is  well-known  [see  for  example  [8]]  that  <p  is  convex,  even,  lower 

12  2 2 2 2 
semi  continuous,  D(9<p)  = W ’ (£2>  fl  W * (ft)  fl  {u  c L (ft)lp(u)  t L (ft; } and 

12  2 

9«j(u)  = -A  u f p(u)  . Since  the  injection  of  W ' (ft)  into  L (ft)  is  compact, 

2 2 
fu  t L (ft)  !<*>(u)  < c } is  compact  in  L (ft)  for  all  c>0. 

Clearly  D(<*>)  is  dense  in  H . Therefore  <p  satisfies  the  hypothesis 

of  Theorem  1 and  for  all  R > 0,  there  exists  infinitely  many  distinct  pairs  of 

solutions  of 

-Aut  p(u)  3 \u,  / Iu|2dx  = R2,  u c w1’ 2(ft)  n W2’2(ft)  and  p(u)  c L2(ft)  . 
ft 

(*) 


wo 
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1 c¥ 

By  a standard  regularity  result  u c C 5 ( for  a t ]0,l|  . If  (3  is  univalued 
1 1 a 

and  belongs  to  C iIRl.  u t C (i2l  and  therefore  u is  a classical  solution 

of  (>:■)  . 

Clearly  o satisfies  the  condition  lim  - + jp  . If  we  assume 

lul—  |u| 
ut  D(v>) 

moreover  that  0-  (3(0).  then  0 - 9</>(0)  . By  the  Theorem  2,  we  get  the  existence 

2 2 2 

of  infinitely  many  distinct  pairs  of  solutions  for  (*)  satisfying  X f |u|  dx-  R , 

1 2 2 2 2 ^ 
u t W ’ («)  0 W * (fi)  with  (3<u)  t L (H)  . 

As  an  application  of  Theorem  3,  we  shall  give  the  following  lemma. 

Lemma  3.  Let  H a real  ordered  Hilbert  space  with  a positive  cone  P satisfy 
ing  (u.  v)  >0  if  u.vc  P and  such  that  for  all  z « P,  there  exists  z+,  z*  t P 


with  z = z 

- z , (z+,  z ) = 0 . Let  <p:  H — ■ [0,  »]  convex  satisfying 

*>(0)  = 0 

(1) 

fx  c hI«p(x)  < c]  is  compact  for  c > 0 

(2) 

DM  D P 

(3) 

(I  + X dtp)  1 P C_  P for  all  X > 0 . 

(4) 

Then  for  all 

R > 0,  there  exists  u c H,  X > 0 with 

a)  I u I = R 

b)  dip(u)  Xu 

c)  u * P . 
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Proof  of  Lemma  3 


Let  o ;=  <p  + 1 where  1 ; H ► [0,  -e ) is  define:]  by  Ip(u)  = 0 if  u < P 
and  -i  * if  u 4 P . By  Proposition  J . S of  1 1 ),  So  - + 3lp  and  D( c? ) P 

Clearly  o(0i  - 0 and  o satisfies  Assumption  2 of  Theorem  3,  so  for  all 

R > 0,  there  exists  \ > 0 and  u c SB  D P with  o(u)  - inf  o(v>  and 

R i 

_ _ — I v | - R 

9o(u)  \u  . Let  w c 9Ip(u)  such  that  9o(u)  + w 2 Xu  . We  have 

3lp(U)  - {z  f H I (z,  v-u)  <_  0 for  all  v c P}  . We  claim  that  if  z t 3lp(u|  . 

z < -P  and  (z.u)  - 0 Indeed,  by  assumption  there  exists  z and  z ^ P 
such  that  z = z - z and  (z  , z ) a 0 . Hence  for  all  » > 0 we  have  a I z | 

(z,  u ) < 0 , This  is  possible  only  if  z + = 0 . So  z c -P  . By  taking 

v-|u,  we  get  j((-z),  -u ) > 0,  hence  (z,  u)  = 0.  So  we  have  uc  P and 
z = -w  c P such  that  i)  u t 9o(u  > 3 (X+l)u  + z , it)  (u , z ) = 0 . Let  u(u)  = 

1 1 1 2 — — — — — 

j lu  I + o(  u)  - (X+IKu  , u)  . From  i)  and  ii>  we  get  o(u  ) = o,<u  ) - (z,  u ) < u(u) 

-(z,u)  for  all  uc  H.  Since  z c P,  4,(u)<4,(u)  for  all  uc  P.  Since  uc  P, 

0>(u ) - Inf  4><u)  . But  Inf  4>(u)  = Inf  4>(u)  . Indeed,  there  exists  u c P such 
uc  P uc  P uc  H 

that  ipfu ) £ h>(u)  for  all  u c H . Such  u is  unique  and  defined  by  u = (I  + So)'1 
(X+l)u  . By  Assumption  4 and  since  (X+I)U£  P,  uc  P,  Consequently,  by 
uniqueness,  u = u and  u = (I  + 9o)_1(X+l)u  or  9o(u  ) - \u  . This  con- 
cludes the  proof  of  Lemma  3. 

As  another  example  we  consider  again  the  equation 

y y 

(*)  -Aut  P(u)  3 Xu,  | u I = R . u * W f fl  W • . 
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Wc  already  mentioned  that  Assumptions  1),  l),  3)  of  Lemma  3 are  satisfie 

It  is  a standard  result  that  the  solution  of  the  equation  u - \au  + \(3;u)  f 
2 2 

belongs  to  L+  if  \ > 0 and  f t L+  . So  the  lemma  can  be  applied  and  fo-  11 
R > 0,  (*)  possesses  a positive  solution,  which  is  C1,  °(«',  by  a standar. 

regularity  argument.  Moreover  if  p is  univalued  and  C1,  u<  C ^'°(i2i  ai  • 
u(x)  >0  for  x e n . 
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